By choosing an appropriate vielbein basis, we obtain a class of spherically-symmetric solutions in f (T ) gravities. The solutions are asymptotic to Minkowski spacetimes with leading falloffs the same as those of the Schwarzschild black hole. In general, these solutions have branch-cut singularities in the middle. For appropriately chosen f (T ) functions, extremal black holes can also emerge. Furthermore, we obtain wormhole configurations whose spatial section is analogous to an Ellis wormhole, but −g tt runs from 0 to 1 as the proper radial coordinate runs from −∞ to +∞. Thus a signal sent from −∞ to +∞ through the wormhole will be infinitely red-shifted. We call such a spacetime configuration a dark wormhole. By introducing a bare cosmological constant Λ 0 , we construct smooth solitons that are asymptotic to local AdS with an effective Λ eff . In the middle of bulk, the soliton metric behaves like the AdS of bare Λ 0 in global coordinates. We also embed AdS planar and Lifshitz black holes in f (T ) gravities. Finally we couple the Maxwell field to the f (T ) theories and construct electrically-charged solutions. *
Introduction
In the original formulation of Einstein's theory of gravity, the metric is treated as the fundamental field, and the resulting theory is of the second-order in differentiations. There however can exist other formalisms. The fact that Riemann tensor depends only on the connection leads naturally to the Palatini formalism, which may in fact have been invented by Einstein himself. Another intriguing formulation is the teleparallel equivalent of general relativity (TEGR), which was also originated by Einstein to unify gravitation and electromagnetism [1] (See also, [2, 3] .) As two-derivative theories, these different formulations of gravity are classically equivalent. However, they may become inequivalent when higherorder terms are introduced.
In this paper, we study f (T ) gravity which is a generalization of TEGR, analogous to the f (R) generalization of the Einstein-Hilbert action. We focus on the construction of static solutions, with spherical or toroidal isometries. In TEGR , it is the vielbein that is treated as fundamental fiends. While f (T ) gravity is invariant under the general coordinate transformations, it is not invariant under the local Lorentz transformation of the tangent spacetime [4] . This implies that for a given metric ansatz, there are six-parameter worth of inequivalent vielbein choices.
One application of f (T ) gravity is to study early cosmology. (See for examples [5] [6] [7] .)
In this case, there is, a priori, no restriction that the theory should reproduce Einstein's gravity. The purpose of this paper is to study static solutions of f (T ) gravity. The success of Einstein's theory in explaining the solar system puts a severe restriction of any modified gravity. In this paper, we are largely concerned with f (T ) gravity with f (T ) = −T + αT n .
(1.1)
The theory can be viewed as deviation away from Einstein gravity and it reduces to Einstein gravity when α = 0.
One particularly important class of solutions in any theory of gravity are those with spherical isometries. In general relativity, static and spherically-symmetric ansatz leads to the celebrated Schwarzschild black hole. Its most convenient vielbein base in the framework of Einstein gravity is the diagonal one; however, such an ansatz leads to no solution in a generic f (T ) theory. Cleverer ansatz of the vielbein have to be considered in order to construct spherically-symmetric solutions in f (T ) theories. For example, general static and spherically symmetric ansatz with three parameters of the local SO(3) ⊂ SO (1, 3) were considered in [8] , which yielded the Schwarzschild-AdS metric in global coordinates.
Indeed, a variety of similar ansatz were proposed in literature [9] [10] [11] [12] [13] [14] [15] [16] . In particular, (charged)
Schwarzschild (anti-de Sitter (AdS)) black holes were constructed in f (T ) gravities [17] [18] [19] .
(See also [20] [21] [22] [23] [24] [25] .) Interestingly, Kerr solutions were also embedded in f (T ) gravities [26] [27] [28] .
In this paper, one of our goal is to construct static and spherically-symmetric solutions.
We regard the Minkowski spacetime in Cartesian coordinate with the diagonal vielbein basis as the most symmetric vacuum in an f (T ) theory. We are thus interested in finding solutions that are asymptotic to this vacuum. We derive the vielbein ansatz that guarantees this requirement. We study how the asymptotic behavior of the Schwarzschild black hole is modified by the α term in (1.1). This behavior is important for any modified gravity to pass the solar-system tests. We are also interested in whether new and more exotic solutions such as wormholes or solitons can arise in f (T ) gravities within our vielbein ansatz.
Another focus of our paper is to construct asymptotically AdS solutions. Whilst the AdS spacetime in global coordinates are subtler to construct, the planar AdS spacetime arises naturally in f (T ) gravity using the diagonal vielbein basis. We construct ReissnerNordstrøm (RN) planar AdS black holes in f (T ) theories.
The paper is organized as follows. In section 2, we give a quick review of f (T ) gravities and present the corresponding covariant equations of motion. In section 3, we discuss the ansatz of vielbein. Instead of considering the most general ansatz with the six SO(1, 3)
parameters, we focus only on those that regards the Minkowski spacetime with diagonal vielbein as the preferred frame. In sections 4, 5, 6 and 7, we construct a variety of solutions in f (T ) gravities. We conclude our paper in section 8.
f (T ) gravities and covariant equations
In this section we study f (T ) gravities. We shall present only the bare minimum that are relevant for constructing the Lagrangian and deriving covariant equations of motion. For a more complete review of teleparallel gravity, see, e.g. [29] .
In Einstein's general relativity, the metric ds 2 = g µν dx µ dx ν is the fundamental field.
The curvature tensors, including the Riemann tensorR µ νρσ , Ricci tensorR µν and Ricci scalarR, can be constructed from the Levita-Civita connection of vanishing torsion
The fundamental field in f (T ) gravity, on the other hand, is the vielbein e a = e a µ dx µ , defined by
Note that we use Greek letters for spacetime indices and Latin letters for indices in local
Minkowski tangent space of the signature η ab = diag{−1, 1, 1, 1}. It is also convenient to introduce the inverse vielbein e In the framework of the teleparallel equivalent of general relativity (TEGR), for vanishing spin connections, one can define the torsion tensor:
It is clear that the torsion tensor is covariant under the general coordinate transformation, but not under the local Lorentz transformation on the tangent flat indices. The torsion vector follows straightforwardly as
The proper scalar quantity for the torsion is more subtle to define. It is convenient first to introduce contorsion tensor K λ µν , which is related to the torsion tensor as
A superpotential tensor can be constructed as a linear combination of contorsion and torsion
With these preliminaries, one can define the torsion scalar
It turns out that the torsion scalar is related to the Ricci scalarR mentioned earlier as
It is remarkable to note that T has no second derivatives, and the second derivatives in R are all cancelled by the divergence of the torsion vector. This implies that if we use T to construct a Lagrangian, the Euler-Lagrange equation arises from the variation principle straightforwardly without needing any surface terms.
Indeed one can construct f (T ) gravity whose Lagrangian density is a generic function the torsion scalar. Assuming that the matter fields are minimally coupled to the metric, we have the Lagrangian
where e = − det(g µν ) and L min is the Lagrangian of some minimally-coupled matter.
The variation of the action with respect to e a µ yields the general equation of motion of f (T ) theories [30] [31] [32] :
where
∂T 2 and T µν min is the matter energy momentum tensor. It can be demonstrated that Einstein gravity is a special case of f (T ) gravities, corresponding f = −T − 2Λ. Note that in this paper, we shall consider the cosmological constant as part of f (T ) rather than part of the matter energy-momentum tensor.
3 Static ansatz and equations of motion
Spherically symmetric
The most general spherically-symmetric and static ansatz for the metric is given by
In Einstein gravity, owing to the existence of local Lorentz symmetry of the tangent space, all the vielbein bases are equivalent and one typically chooses the most convenient diagonal basis for such a static and spherically-symmetric configuration. In f (T ) theories, the choice matters. The diagonal vielbein basis, which we shall discuss in subsection 3.2, leads to no solutions for spherically symmetric ansatz in general f (T ). One goal of this paper is to construct static and spherically-symmetric solutions that are asymptotic to the Minkowski spacetime. We would like to further require that the vacuum of the f (T ) theory is the Minkowski spacetime in Cartesian coordinates where the vielbein is an identity matrix.
Specifically, the metric is
The diagonal vielbein e0 = dt and eī = dx i is constant, i.e. e a µ = δ a µ . Therefore all the torsion components (2.4) vanish identically, and hence the Minkowski spacetime with this vielbein choice is a solution of the f (T ) theory that satisfies f (0) = 0. This vacuum can be viewed as the most symmetric solution of the theory, we would like to construct spherically-symmetric solutions that are asymptotic to this vacuum. Now using instead the spherically polar coordinates
we have e1 = sin θ cos φ dr − r cos θ sin φ dθ − r sin θ sin φ dφ , e2 = sin θ sin φ dr + r cos θ sin φ dθ + r sin θ cos φ dφ ,
Since the f (T ) theory is invariant under general coordinate transformation, the Minkowski spacetime in spherical polar coordinates must also be a solution of the f (T ) theory. It is worth pointing out that if we make parity transformation such as dr → −dr, we then have e i = dx i when written back in cartesian coordinates. If follows that eī in (3.4) with dr → −dr, which has no effect on the metric, is no longer a solution in the f (T ) gravity.
We now promote the ansatz to replace (r, dr) to a more general structure (ρ(r), B(r)) and write the ansatz as
where e a µ is the element in (a + 1)'th row and (µ + 1)'s column, with a =0,1,2,3 and µ = 0, 1, 2, 3. This ansatz guarantees that the Minkowski spacetime, with A = 1 = B and ρ = r, is the solution of the f (T ) theory. This ansatz is a special case of those involving three SO(3) parameters [8] .
For the vielbein ansatz (3.5), we find that the torsion is given by
As we remarked earlier, when we take square roots of the metric functions to obtain the vielbein, we can have both positive and negative values, which are related to each other by some discrete improper Lorentz transformations. The metric is invariant under such choices, but the equations of motion of f (T ) gravities can. For example, in the above vielbein ansatz, we can perform a parity transformation by sending
The metric is the same, but the torsion becomes
The consequence is that for the Minkowski spacetime, corresponding to have A = 1 = B and ρ = r, the vielbein choice (3.5) leads to vanishing torsion T , whilst the vielbein choice with √ B → − √ B leads to non-vanishing torsionT . As we discussed earlier, the former yields the Minkowski spacetime as the vacuum, whilst latter has no Minkowski vacuum.
Solutions of the latter case were studied in [33] . In this paper, we shall only consider the former case and the static and spherically-symmetric solutions with the vielbein ansatz (3.5) that are asymptotic to the Minkowski spacetime will be constructed in section 4.
For the vielbein (3.5), we find that the equations of motion reduce to
It is worth checking that the above equations of motion are consistent with ∇ µ T µν min = 0. In particular, for vacuum solutions with T µν min = 0, the quantity H = T11 above can be viewed as the first integral of the remaining two second-order differential equations, satisfying
It is thus consistent to set H = 0.
Toroidally symmetric
The most general static ansatz with spherical, toroidal or hyperbolic symmetries takes the form
with k = 1, 0, −1 respectively. In this subsection, we consider the diagonal vielbein basis
For this choice of the vielbein, the torsion is given by
Unlike the previous example, the equations of motion are independent of the sign choice of the vielbein. It is well known that for vacuum solution or diagonal matter energy momentum tensor, the equation of motion in the (1,2) direction implies that
It is satisfied either with f T T = 0, giving rise to Einstein gravity, or with k = 0, corresponding to toroidal topology with the metric becomes
In this paper, we consider the latter case, and the equations of motion reduce to
In section 6. we construct AdS planar black holes in f (T ) gravities.
Energy-momentum tensor in Einstein gravity
It is of interest to compare Einstein gravity and f (T ) gravity. In particular we would like to know whether solutions that violate the null energy conditions in Einstein gravity can arise as good solutions in f (T ) gravity. Since in this paper, we consider static diagonal metrics, the corresponding energy momentum tensor in Einstein gravity is also diagonal, namely
These quantities allow us to check the energy conditions for solutions of f (T ) gravities had they been constructed in Einstein gravity.
Asymptotically Minkowski solutions
In this section, we consider metric and vielbein ansatz (3.1) and (3.5), and solve the equations of motion (3.8) for vanishing energy-momentum tensor, T µν min = 0.
Minkowski vacuum in spherical polar coordinates
It follows from (3.1) that the Minkowski vacuum, with the Euclidean R 3 written in spherical polar coordinates, is given by
It is clear that the above solves the equations in (3.8) with T µν min = 0 provided that the function F must satisfy
This is because the torsion T = 0 the Minkowski vacuum (4.1). Thus f (T ) theories of the type (1.1) considered in the introduction all admit such a vacuum. One goal of this paper is to study how the α term affects the asymptotic falloffs from this vacuum.
No global AdS vacuum
The metric of AdS vacuum in global coordinates can be written as (3.1) with
Substituting this into (3.8) and we find that equations can only be satisfied provided that 
Special exact solutions
The equations (3.8) can be solved up to a quadrature, provided that f (T ) has a double root, namely
It can be seen easily that in this case all the equations can be solved with
This implies that
Here, we have made a coordinate gauge ρ = r and define (A, B) = (h, f −1 ), so that the metric is expressed as
(There should be no confusion between the metric function f (r) = 1/g rr with the f (T ) function.) The equation (4.6) implies that
In this subsection, we focus our attention on solutions that are asymptotically to the Minkowski spacetime. Thus we set λ = 0, and we have
We find following classes of exaction solutions.
Extremal black holes
Asymptotically-flat black holes can emerge, but they are all extremal. It follows from (4.9)
that when r = r 0 is a single root of h, it is a double root for f . We present two concrete examples:
Solution 2 :
(4.10)
Both solutions describe extremal black holes with zero temperature. The first solution has a slower falloff than the Schwarzschild black hole, whilst the second has the same 1/r falloff from the asymptotic Minkowski spacetime.
It is of interest to study the energy-momentum tensor of the solutions (4.10) if they were embedded in Einstein gravity. It follows from (3.17) that we have
Thus we see that if they were to be embedded in Einstein gravity, the first solution satisfies the null energy condition whilst the second does not.
Dark wormholes
Smooth solutions can also arise from (4.9), when f has a single root and h has a branch cut. As a concrete example, we present a solution
It is not the most convenient coordinate system to study the global structure. Making a coordinate transformation r 2 = η 2 + r 2 0 , we have
In this paper, we refer η as the "proper" radial coordinate. The low-lying curvature polynomial invariants are given by
Thus the curvature has local power-law singularity at η = ir 0 . The curvatures are all regular for real η. In particular, all the curvature polynomials vanish at the two asymmetric asymptotic regions of η → ±∞. Thus, for the above solution, proper radial coordinate η runs smoothly from +∞ to −∞, with 
However, there is a key difference. In a typical wormhole, there exists a turning point η = η 0 such that A (η 0 ) = 0, whilst there is no such a turning point in our solution. In fact −g tt in our solution is a monotonically increasing function as η runs from −∞ to +∞.
In particular, signals sent from −∞ through the wormhole is infinitely red-shifted. The wormhole observed from the η > 0 region is somewhat dimmed by the red-shift and we call such a spacetime configuration as a dark wormhole. Since the total "black" region is at r = −∞, the wormhole is darker than the Ellis wormhole, but not as black like a black hole.
It is worth pointing out that such a solution cannot arise in Einstein gravity since it violates the null energy condition, as in the case of the Ellis wormhole. In fact, it follows from (3.17) that we have 17) which is negative, since | √ f | < 1.
We now present another dark wormhole solution, but with a slower 1/r-falloff mass term at large positive r. It is given by
This solution would also violate the null energy condition in Einstein gravity, with
The relation between the proper radius η and A is given by
Thus we see that as η runs from −∞ to +∞, the function A runs from 0 to 1. In Fig. 1, we give plots of A = −g tt as a function of the proper radius η, which indicates that the spacetime is smooth and geodesically complete.
The dark wormhole behavior can also be understood directly using the original radial coordinate r. For solutions (4.12) and (4.18), as the metrics run from Minkowski spacetime at r = ∞ to the wormhole throat r = r 0 where f (r 0 ) = 0, the continuity for the metric functions and their derivatives imply that the √ f term in h reverses sign and becomes − √ f at r = r 0 , leading to the asymmetric asymptotic region where g tt → 0.
Such a dark wormhole solution was in fact first constructed in non-minimally coupled Einstein vector theory. It was shown in [35] that the four-dimensional Lagrangian admits the solution (4.7) with
Analogous to solutions in the f (T ) theories we constructed, the above solution of Einsteinvector theory also describes a dark wormhole that connects two asymptotic AdS (Λ 0 < 0)
or Minkowski (Λ 0 = 0) regions. It is tantalizing to notice that such solutions can emerge in so different theories.
General features of the solutions
As has been shown previously, when the f (T ) satisfies f (0) = 0 and that f T (0) and f T T (0) are regular, then the theory admits Minkowski vacuum. In this subsection, we study the general features of the solutions for the class of theories (1.1) mentioned in the introduction.
Furthermore, we shall focus on the n = 2 case.
Small-α solutions
First we consider the case with small α. This is a reasonable assumption under the philosophy that f (T ) theories are introduced to provide small modifications to Einstein gravity.
When α = 0, the spherically-symmetric and static solution is the Schwarzschild black hole.
We adopt the coordinate gauge that r is the radius of the S 2 , and the metric takes the form (4.7). We consider perturbation away from the Schwarzschild black hole solution with α as the perturbation parameter. In other words, we consider
For (1.1) with n = 2, we find
where c is an integration constant. It is clear that the perturbation diverges on the horizon of the background black hole and the integration constant c cannot be used to removed all the divergence. Thus there is no new black hole in the vicinity of the Schwarzschild black hole of Einstein gravity. The asymptotic falloffs due to the α contribution is 1/r 5 , much faster than the 1/r falloff associated with the Schwarzschild black hole. This implies that in the weak field region, the α-term contribution is negligible.
Large-α solutions
When α becomes infinite, the theory (1.1) reduces to those discussed in the subsection 4.3, where some special exact solutions were constructed. We can perform 1/α expansion for large α and find that the solutions are given by
The solutions have analogous properties discussed in subsection 4.3.
Generic α
For the general case of (1.1), we adopt the coordinate gauge that r is the radius of the S 2 , and the metric takes the form (4.7). For large r, we find
The fast falloffs indicates that in the long wavelength infra-red region, the f (T ) gravities deviate from Einstein gravity slightly. This implies that f (T ) gravities can pass the solarsystem tests easily, without needing to require that the parameter α be particularly small.
The structure in the middle however is rather unclear. It can be shown that the standard event horizon, with the near-horizon expansion 28) does not satisfy the equations of motion. Neither the extremal case can arise. We appeal to the numerical analysis and integrate the equations from asymptotic infinity to the middle.
Concretely, we consider n = 2, and expand the solutions to sufficiently higher orders to increase accuracy, namely
Choosing parameter M = 1 = α, and integrate from r = 1000 to zero, we found that the equations become singular at r ∼ 3.0218, with (h, f ) → (0.3028, 0.1422), but (h , f ) and (h , f ) become diverge, indicating that there is a branch-cut singularity at r ∼ 3.0218.
We present the plots of (h, f ) in Fig. 2 . We examine various points in the parameter space and find that this is the general pattern. It is worth noting that a branch-cut singularity of the metric function can sometime indicate the existence of dark wormhole discussed earlier, but the wormhole configuration in metric ansatz (4.7) requires f → 0 at certain wormhole throat r → r 0 .
Asymptotically locally AdS solitons and black holes
In subsection 4.2, we showed that within our vielbein ansatz, the AdS vacuum in global coordinates was not a solution of f (T ) gravities. In this section, we demonstrate that there exist asymptotically locally AdS solitons. The theory we consider in this section is (1.1)
augmented with a cosmological constant, namely where the cosmological constant is negative, parameterized as
Solitons with small α solutions
When α = 0, the f (T ) theory reduces to Einstein gravity and the AdS spacetime in global coordinates is the vacuum, given by (4.7) with h = f = f 0 ≡ g 2 r 2 +1. In this subsection, we consider small α, the corresponding solution in the f (T ) can be viewed as a perturbation away from the AdS with the α as its expansion parameter. We thus consider the metric (4.7) with the ansatz
We find that up to and including the linear order of α, the (h,f ) functions are given by two
These quadratures can be integrated out for integer n. For example, when n = 2, we have
3/2 − 16 22g 6 r 6 + 91g 4 r 4 + 84g 2 r 2 + 24 r 4 (g 2 r 2 + 1)
For n = 4, we have 
In all these examples, we have chosen the integration constants such that the functions (h,f ) are regular in the whole r ∈ [0, ∞) region. The effective cosmological constant at large r is
On the other hand, as r → 0, the metric becomes like the AdS solution with Λ 0 = −3g 2 .
Thus the solution describes smooth soliton that flows from the AdS vacuum of Λ = Λ 0 in the middle to the asymptotically locally AdS spacetimes of Λ = Λ eff .
Solitons for generic α
In the previous subsection, we showed that smooth soliton solutions existed for small α.
In this section, we employ numerical analysis to show that such solutions exist for generic α. In order to set up the boundary condition for numerical analysis, we assume that the metric is regular at the middle r = 0, a requirement for a smooth soliton. For the small-r geometry, we assume that the metric functions have regular Taylor expansion. This ensures that the metric is regular and geodesic complete in the middle. Substituting the ansatz into the equations of motion, we find
Here h 0 is an integration constant that can be absorbed into the time scaling. Note that there is no non-trivial free parameters in the expansion. When α = 0, the theory reduces to Einstein gravity and the solution is the AdS in global coordinates. Thus we see that in the r = 0 middle, the solution behaves like the middle of the AdS. The lacking of an extra free parameter indicates that such configuration cannot arise in Einstein gravity. Indeed, it follows from (3.17) that we have
Thus the null-energy condition cannot be satisfied if one were to embed such a solution in Einstein gravity.
In the asymptotic region, we find that the metric functions become 
where the effective cosmological constant Λ eff = −3g 2 is related to Λ 0 by
Thus for given Λ 0 , we have
In this paper, we consider negative cosmological constants with Λ 0 = −3g 2 and Λ eff = −3g 2 , then we haveg
For positive α, onlyg − is real and it can be shown thatg 2 − < g 2 . For −g 2 /(72) < α < 0, we haveg 2 + >g 2 − > g 2 > 0. The question now remains whether the regular metric (5.10) in the middle can smoothly connect to the asymptotic region (5.12). We employ numerical method to establish this. We use the Taylor expansion (5.10) at some small r, (e.g. r = 0.1), and integrate out to large r, (e.g. r = 10 4 .) Our numerical results indicate that for α > −g 2 /(72), solitons indeed exist, and they pick up theg − branch. In other words, effective cosmological constant of the soliton solutions are given by Λ − eff . Note that such AdS solitons are rather unusual in Einstein gravity. As mentioned earlier, the embedding of this specific solution in Einstein gravity violates the null-energy condition.
Extremal black holes with T = λ
Exact solutions can be found for f (T ) theories of type (4.4) . Let the parameter λ = −6g 2 .
The equations of motion are all satisfied provided that
This describes an extremal black hole that are asymptotic to local AdS with the horizon located at r = r 0 .
AdS and Lifshitz planar black holes
In this section, we construct asymptotic AdS (or Lifshitz) planar black holes. In this section, we consider the diagonal vielbein ansatz with toroidal symmetry, discussed in subsection 3.2.
AdS planar black holes
Making a coordinate gauge choice A = h and B = 1/f and ρ = r, such that the metric becomes
(Again, there should be no confusion between the metric function f (r) = 1/g rr and the f (T ) function of the theory.) We find that the Schwarzschild AdS planar black hole is a solution, namely
Here g = 1/ , the inverse of the radius of the AdS spacetime. Note that for this AdS black hole, the torsion is a constant, given by
Thus for f (T ) gravity of the form (5.1), the effective cosmological constant Λ eff = −3g 2 is related to α and the bare cosmological constant Λ 0 by
Lifshitz black holes
When f (T ) is given by (4.4), equations can be all solved by T = λ. For the toroidalsymmetric ansatz, this implies that the metric functions (h, f ) are related by
The solutions are in general black holes, since (h, f ) can have common zeros at some radius r = r 0 . One interesting class of solution is the Lifshitz black hole
The solution reduces to the Schwarzschild AdS planar black hole when z = 1. Analogous solutions was constructed in certain f (R) gravity [36] .
Charged black holes
In this section, we consider f (T ) gravity coupled to a Maxwell field A µ with
The f (T ) theories that we consider here are (1.1) and (5.1) with n = 2. Our solutions differ from those constructed in the UV approximation of the f (T ) theories [12] .
Asymptotically-AdS solutions
In this subsection, we use the toroidal-symmetric ansatz discussed in subsection 3.2, with the following coordinate gauge
The Maxwell equation implies that φ = h/f Q/r 2 . The general exact solution is hard to come by, and we shall present only some special limit cases.
Small Q solutions
As was seen in section 6.1, the AdS planar black hole is a solution of f (T ) gravity. Here we consider solutions with small electric charge Q. Up to and including the order of Q 2 , the ansatz is
with Λ 0 = −3g 2 (1 + 18αg 2 ). We find
where r 0 is the horizon of the neutral black hole, related to M as M = 1 2 g 2 r 3 0 . We have chosen the integration constant such that the functionsh andf are well behaved on and outside of the horizon, which remains to be at r = r 0 . Thus for sufficiently small Q, the solution is a good approximation for electrically-charged black holes.
Small-α solutions
When α = 0, the theory is simply Einstein gravity coupled to the Maxwell field and a cosmological constant. It hence admits the standard RN-AdS black hole solution, with
At the linear order of small α, we find the solution of the f (T ) theory is
Here c is an integration constant. In order for the α contributions to be a small, we must can cancel the divergence arising from f 0 = 0 at the horizon r = r 0 . This can be indeed achieved if we set
Here c 1 is the non-trivial integration constant. The solution becomes much simpler in the extremal limit, where f 0 = (1 − Q/r) 2 . In this case, we havẽ
(7.12)
In both non-extremal or extremal cases, the integration constants c 1 is not sufficient to remove all the divergences of (h,f ) when f 0 = 0. Thus the solution is only a good approximation away from the horizon.
General asymptotic behavior
We shall not attempt to find exact solutions for the generic α parameter. Instead we shall only present the asymptotic behavior. It is easy to verify that the leading falloffs of the solutions at large r are those of the RN black holes, with α contributions arising at the 1/r 5 order: This general behavior indicates that the charged solutions carry the characteristics of the RN black hole at large r, and the difference between f (T ) theories and Einstein gravity are negligible in the infra-red region.
Conclusions
In this paper, we constructed classes of static solutions with spherical and toroidal isometries in f (T ) gravities, which are generalizations to the teleparallel equivalent of general relativity, analogous to the f (R) generalization of the Einstein-Hilbert action. The fundamental fields of f (T ) gravities are the vielbein e a µ for a given metric; therefore, there are additional six new fields of the SO(1, 3) Lorentz group. This makes it much harder to classify the solution space. In this paper, we restricted our attention and regarded f (T ) gravities as some modified theories that deviate from Einstein gravity. In other words, we focused on the f (T ) theory of the form (1.1), which reduces to the teleparallel equivalent of Einstein gravity when the parameter α vanishes. In the large part of the paper, we also limited our interest in solutions that are asymptotic to the most symmetric vacuum, where the vielbein e a µ form an identity matrix, giving rise to Minkowski spacetime in Cartesian coordinates. Since f (T ) theories are invariant under general coordinate transformation, we could thus obtain the corresponding spherically symmetric ansatz.
We found that for the f (T ) theories (1.1), the leading falloff associated with the α term is 1/r 4n−3 , which is much faster than the mass term of the Schwarzschild black hole. In fact it is even much faster than the Q 2 /r 2 in the RN black hole. The results demonstrate that in the infra-red long wavelength region, the deviation of f (T ) gravities from Einstein gravity is small and they can easily pass the solar-system tests. In the middle, however, numerical analysis indicates that there are naked time-like branch-cut singularities.
In the limit of large α, the equations of motion can be solved by a single scalar equation T = 0. We found that extremal black holes could emerge. A more intriguing class of solutions are perhaps the dark wormholes. For any constant time slice of such a metric, the spatial section is analogous to that of an Ellis wormhole, but −g tt runs from 0 to 1 as a signal travels from one asymptotic region to the other, causing an arbitrarily large red shift. As we commented in subsection 4.3.2, such dark wormholes could not arise in Einstein gravity with proper minimally-coupled matter, but they can also emerge in some non-minimally coupled Einstein-vector theory. The fact that such different theories give rise to these dark wormholes suggests that such a spacetime configuration deserves further investigation.
By introducing a bare cosmological constant Λ 0 to (1.1), we obtained the smooth soliton configuration whose metric in the middle r = 0 is like AdS in global coordinates of Λ 0 , but flows to asymptotic locally AdS spacetimes with Λ − eff given in (5.14). We also embedded the AdS planar and Lifshitz back holes in f (T ) gravities; furthermore, we coupled Maxwell fields to the f (T ) theories and constructed electrically-charged solutions.
